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Abstract
We discuss properties of D-brane congurations in the matrix model of type
IIB superstring recently proposed by Ishibashi, Kawai, Kitazawa and Tsuchiya. We
calculate central charges in supersymmetry algebra at innite N and associate them
with one- and ve-branes present in IIB superstring theory. We consider classi-
cal solutions associated with three- and ve-branes and calculate their interactions
at one loop in the matrix model. We discuss some aspects of the matrix-model
formulation of IIB superstring.
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1 Introduction
It has been recently proposed by Banks, Fischler, Shenker and Susskind [1] that nonper-
turbative dynamics of M theory is described by a supersymmetric NN matrix quantum
mechanics in the limit of large N . This Matrix theory naturally includes Witten’s de-
scription [2] of bound states of D(irichlet)-branes by matrices and is shown [1, 3, 4, 5, 6, 7]
to correctly reproduce properties of Dp-branes with even p (p = 0; 2; 4; : : :) incorporated
by type IIA superstring theory.
Another matrix model which is an analogue of the BFSS matrix model [1] for type
IIB superstring has been proposed by Ishibashi, Kawai, Kitazawa and Tsuchiya [8]. This
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Tr (  Γ[A;  ])

+ n: (1.2)
Here Aij and  
ij
 are n n Hermitian bosonic and fermionic matrices, respectively. The
vector index  runs from 0 to 9 and the spinor index  runs from 1 to 32. The fermion
 is a Majorana{Weyl spinor which satises the condition Γ11 =  . The summation
over  is understood with ten-dimensional Minkowski metric. We prefer to work with the
vacuum amplitude in Minkowski space rather than with Euclidean partition function to
avoid problems with Majorana{Weyl spinors in Euclidean space.






(1)Aij = iΓ 
ij ; (1.3)
and
(2) ij = 
ij;
(2)Aij = 0: (1.4)
The formulas look like as if ten-dimensional super Yang-Mills theory is reduced to a point1.
The type IIB superstring theory consistently incorporates [10] Dp-branes with odd p
(p = −1; 1; 3; 5; : : :). In order for the matrix model to describe a nonperturbative dynamics
of type IIB string it should correctly reproduce the central charges in the supersymmetry
algebra. These central charges have nontrivial tensor structure and are associated with
D-branes of various dimensions.
1Another matrix model on a point was advocated in [9].
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It is worth mentioning that the action (1.2) is, up to a constant term, the low velocity
eective action of the D{instanton (associated with p = −1) of charge n [2]. Presum-
ably higher dimensional branes show up in the matrix model as solutions of the classical
equations
[A [A; A ]] = 0 ; [A ; (Γ
 )] = 0 ; (1.5)
which are to be solved for N  N matrices A at innite N . A general solution has a
block-diagonal form and is composed from non-diagonal n n matrices Acl with various
n. A simplest solution corresponds to a diagonal matrix
Acl = diag





; Ψ = 0 : (1.6)
In analogy with Ref. [1], each of p’s is to be identied with the coordinates of D-instanton
which generates space-time coordinates.
As is discussed in [8], D-strings (associated with p = 1) are also described by Eq. (1.5)
using the idea of Ref. [1] to identify D-branes with operator-like solutions of Eq. (1.5). A
static D-string extending along the  = 1 axis is represented by
Acl = (B0; B1; 0; : : : ; 0) ;  
cl
 = 0 ; (1.7)
where the operators (innite n  n matrices) B0 and B1 obey canonical commutation
relation on a torus. The torus is associated with large compactication radii, T and L,
along the  = 0; 1 directions so that the ratio TL=n = 0 is kept xed as n ! 1. As is
shown in [8], the interaction between two classical solutions (1.7), calculated at the one
loop level in the matrix model (1.1), agrees with that of D-strings in IIB supergravity. This
conrms the identication of the classical solution (1.7) with D-string. The emergence of
the Born{Infeld action has been also discussed [11].
In the present paper we consider how three- and ve-branes are described by the matrix
model (1.1). In Sect. 2 we calculate central charges in supersymmetry algebra at innite N
and associate them with one- and ve-branes present in IIB superstring theory. In Sect. 3
we consider classical solutions associated with three- and ve-branes and calculate their
interactions at one loop in the matrix model. In Sect. 4 we give a general prescription for
taking the large n limit appropriate for the description of Dp-branes in the IKKT matrix
model. Finally we discuss in Sect. 5 some aspects of the matrix-model formulation of IIB
superstring.
2 Central charges in supersymmetry algebra
The supersymmetry transformations (1.3) and (1.4), under which the action (1.2) is in-




















These operators form the N = 2 supersymmetry algebra [8], which is not central extended
at nite N .
The situation changes at N = 1. As was shown in [6], the supersymmetry algebras
in matrix models can acquire central charges in the innite N limit. This happens be-
cause the quantities proportional to the traces of commutators, which vanish for nite
matrices and are usually dropped in the calculation of the anticommutation relations in
supersymmetry algebra, can be not equal to zero for operators in the Hilbert space. If
matrix commutators are replaced in the large-N limit by Poisson brackets and the traces
are substituted by the integrals over parameter space, the trace of the commutator takes
the form of an integral of the full derivative what is typical for central charges. Such
terms should be retained and lead to the central extension of the supersymmetry algebra.
In the BFSS matrix model they were calculated in [6]. We shall perform the analogous
calculation for the model (1.1).












Note that  and  have opposite chirality. We shall denote (anti)commutators of dier-
ential operators by [ ; ], while for matrices we shall use the symbols f ; g and [ ; ]. We
follow the convention that matrix (anti)commutators do not change an operator ordering.
For example,
[A;B]ij  AikBkj − AkjBik: (2.5)
In this notations, the generator of the innitesimal gauge transformation,
gaugeA = i [A;Ω] ;
gauge  = i [ ;Ω] (2.6)
reads
ij = [A; P
]ij − [  ; ]ij : (2.7)















ij = −ij ; (2.9)
which are the counterparts of supercharge densities in the BFSS matrix model, since




To nd the central charges in supersymmetry algebra, we rst calculate the anticom-
mutators of the densities and the supercharges. In this rather lengthy calculation we use
the following Fierz identity for ten-dimensional Majorana{Weyl spinors:
(Γ )( ⊗ (Γ
)) = 2(Γ









Γ ⊗ : (2.11)
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(ΓΓ0)f[  ;A ]Γ
Γ ; gij ; (2.12)
where
z = [A ; fA; P









Γ ; ]: (2.13)
Taking the trace of Eq. (2.12), we nd that, up to the gauge transformations and
equations of motion for  , the supercharges obey the anticommutation relations
[Q(2) ; Q
(2)
 ]+ = 0;
[Q(1) ; Q
(2)





 ]+ = (Γ
Γ0)Z + (Γ
Γ0)Z: (2.14)
The central charges, Z = Tr z and Z = Tr z, being equal to the traces of the
commutators, vanish for nite N . But at N = 1 they are not necessarily turn to zero
and we associate them with one- and ve-branes present in type IIB superstring theory.
It is worth mentioning that all the charges are operator-valued and their interpretation
is not as clear as for those of Ref. [6] in the BFSS matrix model, where the value of
the charges is given by substituting the classical solution. Also there is no three-brane
charge in the supersymmetry algebra. Similarly, the ve-brane charge has purely fermionic
nature. This circumstance may cause diculties in the description of three- and ve-
branes as certain classical eld congurations of the matrix model. Nevertheless, in the
next section we shall study some classical solutions of the matrix model, which can be
seemingly interpreted as D-branes of dierent dimensions.
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3 Brane{brane interaction
It was argued in [6] that for BPS states the eld strength
f = i[A; A ]; (3.1)
should be proportional to the unit matrix. The classical equations (1.5) are in this case
automatically satised. Since D-branes are BPS-states [10], classical solutions of the
matrix model which correspond to D-branes should have this property.
Motivated by the four-brane solution found in [6] for the BFSS matrix model, we
associate with a static Dp-brane the following classical solution of the model (1.2):
Acl = (B0; B1; B2; : : : ; Bp; 0; : : : ; 0) ;  
cl
 = 0 ; (3.2)
where B0; : : : ; Bp are operators (innite matrices) with the commutator
[Ba; Bb] = igab1 ; (3.3)
where a; b = 0; : : : ; p. Since p is odd, these Ba’s can be written as linear combinations of
(p+ 1)=2 pairs of canonical variables pk; qk (k = 1; : : : ; (p+ 1)=2) satisfying [qk; pl] = ikl.
The solution (3.2) is an obvious extension of (1.7). The property (3.3) guarantees that
the action in the background (3.2) does not acquire quantum corrections, at least at a
one{loop level [8].
The conguration containing a pair of Dp-branes can then be constructed embedding
the classical solutions (3.2) in A diagonally. We shall study in this section most general
background congurations of this type, which are very similar to the one considered in
the context of the BFSS matrix model in [7] and generalize the congurations with two
static D-strings of Ref. [8].
The natural choice of the classical solution which can be interpreted as two parallel













Acli = 0; i = p+ 2; : : : ; 9; (3.4)
where


























and all other f are equal to zero. The matrix cab can always be brought to the canonical













If the Dp-branes are parallel, we can set Ba = B
0
a by a canonical transformation, so
that cab = 0. This corresponds again to the BPS-saturated case. If the Dp-branes are
antiparallel, say, along one of axis, then cab 6= 0 and their interaction is to be calculated.
We use for this purpose the result of Ref. [8] for the one-loop eective action around a


















−Tr ln(P 2); (3.10)


















ImW vanishes for p = 1; 3; 5 since we have P = 0 at least in one direction.
The calculation of (3.10) considerably simplies for the background (3.4) when all of
the operators P and F have the form O1⊗1+O3⊗3 with 3 = [1⊗3;  ]. Thus they
commute with 3 and the eigenfunctions of the operators entering (3.10) can be classied
according to the eigenvalues of 3. The terms corresponding to zero eigenvalues of 3
do not contribute to the eective action (3.10). Two other eigenvalues of 3 are 2 and
they give equal contributions. The commutation relations







show that after analytical continuation to the Euclidean space the operator P 2 projected



















Each of them has n{fold degeneracy.




























The sums over ki can be calculated using the formulas


























































































The right-hand side of Eq. (3.19) obviously vanishes for parallel Dp-branes when
cab = 0 and recovers the result of Ref. [8] for p = 1. For p = 3; 5 it gives a consis-
tent result for the interaction between two antiparallel Dp-branes which falls as 1=b7−p at
large distances, as expected. This conrms the conjecture to identify the solution (3.4)
with Dp-brane congurations. However, since they are not straightforwardly associated,
as is already noted, with the central charges calculated in the previous section, other
checks of this conjecture, in particular the derivation of the Born{Infeld action, would be
useful.
4 The large n limit for D-branes
In this section we shall give a prescription for taking the large n limit appropriate for
the description of D-branes in the IKKT matrix model of IIB string theory. Analogous
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prescription in the BFSS matrix model was given in [6]. Using this prescription, we obtain
the correct dependence of physical quantities, such as the eective action for brane{brane
system, on the fundamental constants.
The action (1.2) of the IKKT matrix model is actually the action for the p = −1 D-
brane (D-instanton), so the higher dimensional D-branes can be viewed as the composites
of instantons similarly to the BFSS matrix model, in which D-branes are composed from
D0-branes. In [1] it was shown that the transverse density of partons (D0-branes) is
strictly bounded to about one per transverse Planck area. In other words the partons
form a kind of incompressible fluid. We assume that an analogous property holds for the
IKKT matrix model.








0 is the string length scale. The physical picture of this is that the p-brane
world-volume is constituted of n cells of volume lp+1s . This choice of n turns out to give
correct dependence of physical quantities on the characteristic constants.




p+1 and should scale with n as n
− 2
p+1 according to the arguments of [6] which
are based on the fact that the full Hilbert space of the dimension n is represented as the
tensor product of (p + 1)=2 Hilbert spaces of the dimension n−
2
p+1 each. As a result, we
get











Tr [A; A ]
2 ; (4.3)

















Vp+1  TpVp+1 ; (4.5)
i.e. the action of p-brane = tension  volume of the world-volume.
In the previous section we have computed the eective action for the conguration of








we nd from eq. (3.19) that
W  nc
7−p




This agrees with the known result from the theory of D-branes [10].
5 Discussion
Most of the checks, done so far, of the proposal that the IKKT matrix model is a nonper-
turbative formulation of IIB superstring deal with description of D-branes. Our paper is
also along this line.
On the other hand, the matrix model (1.1) should reproduce string perturbation theory
as well. As was argued in [8], that if large values of n and smooth matrices Aij and  
ij

dominate in (1.1), the commutator can be substituted by the Poisson bracket
[  ;  ] =) if  ;  g (5.1)
and the trace can be substituted by the integration over parameters  = (1; 2):




jg()j : : : (5.2)
so that the sum over n and matrix integrals in (1.1) turn into path integrals over a positive
denite function
q





jgjDXD e iS ; (5.3)

























(1)X = iΓ ; (5.5)
and
(2)  = ;
(2)X = 0: (5.6)
Here the Poisson bracket is dened by





The parameters  and  do not depend on 1 and 2 similar to these in Eqs. (1.3) and
(1.4) which are numbers rather than matrices.








where the index m = (m1;m2) 2 Z2, while J ijm form a basis for gl1 and jm() form a
basis in the space of functions of . An explicit form of jm()’s depends on the topology
of the -space. Explicit formulas are available for a sphere and a torus.2
The commutators of Jm’s coincide with the Poisson brackets of jm’s at least for nite
m’s. This demonstrates the equivalence between the group of area-preserving or symplec-
tic dieomorphisms (Sdi) and the gauge group SU(1) for smooth congurations.







X() = TrAL() (5.10)
where the consequence of the completeness condition:
TrL()L(0) =
p
g (2)( − 0) (5.11)
has been used. The above formulas lead for smooth congurations to Eqs. (5.1) and
(5.2). The word \smooth" here and above means precisely that congurations can be
reduced by a gauge transformation to the form when high modes are not essential in the
expansions (5.9) or (5.10).
Equations (5.3) and (5.4) represent IIB superstring in the Schield formalism with
xed -symmetry [8]. At xed
q
jgj the action (5.4) is invariant only under symplectic
dieomorphisms
X = fX;Ωg ;   = f ;Ωg ; (5.12)
(in the innitesimal form). This is an analogue of the gauge transformation (2.6) in the
matrix model (1.1) at xed n which itself plays the role of
q
jg()j. The full reparametriza-
tion invariance of the string is restored when one integrates over
q
jg()j, which is an
analog of the summation over n in (1.1). The matrix-model formulation is extremely nice
from the point of view of xing the symmetry under symplectic dieomorphisms since
this can be done by a standard procedure of xing the gauge in gauge theory. It is that
made it possible to calculate brane-brane interaction by doing the one-loop calculation in
the IKKT matrix model.
A question arises whether or not these two procedures of xing the symmetry would
always give the same result or, in other words, are these two groups equivalent at the
2For a review of this subject see [12] and references therein.
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quantum level. An answer to this question depends on what congurations are essential
in quantum fluctuations, and hence what modes are essential in the expansions (5.9) and
(5.10). The answer to this question is known for a pure bosonic string where congurations
which are not smooth are certainly important. They result in crumpled surfaces associated
with tachionic excitations. Since there is no tachion for superstring at least perturbatively,
one might expect that only smooth congurations are important in this case.
Another point of interest in superstring theory is calculation in perturbation theory
where higher orders in the string coupling constant gs are associated with non-trivial
topologies of the parameter space. The string perturbation theory should presumably
arise as a result of the loop expansion of the matrix model. In the above language of
the relations (5.9) and (5.10) the higher terms of string perturbation theory could be
perhaps associated with a non-trivial choice of the basis functions jm’s corresponding to
a given topology. The algebra of symplectic dieomorphism for non-trivial topologies was
studied and, in particular, the presence of central charges was discovered for torus [13]
and higher genera [14]. Analogously, it was discussed that the large N limit of SU(N) is
not unique [15, 16] and central extensions are possible. This fact might be of interest for
investigations of the matrix model.
The central point in the IKKT approach is the presence of the  in (1.2) (and corre-
spondenly in (5.4)). As is well known, Schield strings are tensionless for  = 0, and the
string tension is proportional to
p
.
A very interesting idea of Ref. [8] is that  6= 0 can appear dynamically in the Eguchi{
Kawai reduced ten-dimensional super Yang{Mills theory specied by3
ZEK =
Z















where the N  N matrices A and Ψ have, respectively, the dimension of [mass] and
[mass]3=2, g20 is dimensionless and a is a cuto. In addition to the gauge symmetry (2.6),
the model possesses the U(1)10 symmetry
A =  1N (5.15)
whose parameters depend on direction. This symmetry is crucial for vanishing of the







dA dΨ e iS
1
N
TrA = 0 (5.16)
with the integrand being invariant under the SU(N) gauge transformation (2.6) but not
under (5.15). This U(1)10 symmetry is unbroken in the perturbation theory due to
3For a review of the reduced models see [17] and references therein.
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supersymmetry4 so that there is no need of quenching or twisting in contrast to large N
QCD.
A mechanism of how the string perturbation theory could emerge in reduced matrix
models was discussed by Bars [19]. It is based on the 1=N expansion of the reduced
model which leads, as for any matrix model, to the topological expansion according to
general arguments by ’t Hooft [20]. In order for contributions of higher genera not to be
suppressed at large N , a kind of the double scaling limit is needed, which assumes usually
ne tuning of the parameters. It would be very interesting to nd out whether or not
this mechanism works for the reduced model (5.13) and whether or not the double scaling
procedure suggested in [8] could provide this.
It was proposed in [8], that the term with  in (1.2) which is not present in (5.14) can be
generated in the reduced model within loop expansion. The problem of constructing loop
expansion in the reduced model around plane vacuum, given by the classical solution (1.6),
resides in zero modes of the fermionic matrix which exist due to the supersymmetry (1.4).
It is still an open problem to show how the integral over the fermionic zero modes becomes
nonvanishing.
We would like to speculate on a potential way to deal with this problem which is




is formally divergent if p’s are not quenched. Therefore, an uncertainty of the type 1 0
appears in nonregularized theory which is to be done. A useful hint on how the result can
look like is given by the simplied model [21] where the partition function was calculated
via the Nicolai map.
There exists one more potential way out for the problem of the fermionic zero modes
| the same as in superstring theory | where simplest amplitudes are well-known to
vanish exactly for the same reason. One should consider in the reduced model averages
of several operators (analogous to vertex operators in superstring theory) to make the
integral over the fermionic zero modes nonvanishing.
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Note added
After this paper was prepared for publication, a revised version of [22] has appeared which
contains the discussion of the Born{Infeld action for Dp-branes in the matrix model.
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